The model consists of allernaling  rigid and
deformable bodies simularing the vertebrac and th
discs regpectively and accounts for the natural
curvature ol the spine. The rigid-clements are
allowed three degrees of frecdom in the sagical
plane of the body, and Lhe mass of the sysiem i3
agsmped Lo by concentrated in them,  Inpincering
heam analysis is employed to characterise the disc
torce-deformation Lehaviour.

The dependent vatiables are the axiul lorce,
shear and bending moment resulrants at che inter-
Faces of the dives and the vertebrac as well as the
displacement of the vertebral bodies; time s the
independent variable, The hase of the spine iz
congirained against rotation and the pulse is applied
through the pelvis and the sacrum. The following
further assumptions are incorporated in the model
{iy all inertial resistonce to motion i actributed to
tizid elements, having geometry corresponding to
that of individual wertehrae and capable of execu-
ting three rigid body motions (two translational and
one rotalional, in the vasital plane) (i} delormations
are sustained only by the dises, which réspond to
axial, shear and bending deformations in accordance
wilh speeified consistutive equations, (i) the head is
simulated by a rigid link with appropriate values
of translational and rolational inertial resistance and
(v} the stresses and straing in the spine under its
own static (lz) load are not conzidered,

In the initial configuration of the system (prior
to doading), the axis of any disc i3 coincident with
the axis of the vertehras, immediately below, Also,
each dise is assumed to be of uniform thickness, A
translational acceleration pulse iz applied at the
base of the spine through the sacrum at an angle
ta the longitadinal {2) axis. Rotalion of the pelvis
is agsumed o Do restrained by is large mass as
wall as by the presence of lap-type seatl belts, there.
by simulating a “ixed beam® and condition at the
hase of the apine,

The model determines changes in the spinal
configuralion due to the application of the accele-
ration and the axial forge, shear Foree and bending
moments at the interfaces of dise and vertebrae |
theae fores and moment resultants characterise the
nature and the extent of damage to Lhe vercchrae.
In arder to ohtain the solution, the following (digital
compulerised} procedure iy adopted : (1) Following
the clapse of some small time, after the puolse is
applied; the deformation and the rates o delorma-
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tion of the Jiscs are computed as [unction of (e
instantancous: conlipuration. (2} When these are
krown, nsing the constitutive equations, tho axial
force, shear force and bending moments acting on
the dises are ealoulated which inturn provide the
reaction on the vertebral bodiez, (3) The equations
ol motion for cach wertebra are solved by means
of Runge-Kutta (o an equivalent algarithm) which
enafble determination of the new conliguration of Lhe
system. {4 The procedure i3 repeated cach time
with the updated configurations, until the spinal
response for alarpge span ol time has been deter-
mined.

Thus, due Lo the dynamic coupling between the
axial and bending modes, the problem iz nanlinear,
In delincating the kinematics of a typical spinal
element, the position of points I and A {lerminal
points of the rigid link, (Fiz-1} inthe plane are
detined by the coordinates:  up [t), wi (t), o (1] and
the link length 1. At e={), the axiz of the disc {of
lengzth @ ) is assumed to be collinear with DAG,
Al the timet (=), let the terminul points of the
disc be designated by the position A and B, The
dize iz subject to lateral deformation §y, axial
clonration §y, and rotation d;at end sections,
relative, to each other, These deformations, are
as follows

de = (BOX (L)
da = [AGY {2)
da = r—1g”

= A=) (=g ad (3

wherein (i) the fsero® superscripts refer to the un-
stressed state, (i) the distances {BO); and (AQ); are
(RCY = [(AB) sin & (4)
(AC) = (AB), cos & ()
The chord length (AB); Leing given by
[EJ; = { [uy - (u ] sin )"

+ Wi — {wit T oo )] }H {6
(1fi} 3 the ancle between the axis of the rigid link k
and the chord (AB); is given by

I@j =y — (7
W1 = {up+ losin gy

k {{mm n "_J ®)
{iv) 1", the inilial angle between adjacent vertebrac
in the unstressed state; is

it o= (" = %) {9

amd angle vy, heeween adjoining vertebrae cat some
subsequent rime, is,

o= (o= gt y)

and ey = ainT! [

(10)
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50 that al time the rotational deformatian begween
two end plates is (r; -~ 1,0},

To compute the time rate of change of J., for
furture use in the governing equations of melion, we
v

{?21"— ["&O', = {a'T'LH}, Coy ,3[ ,Hg I["E_B'L sin IBJ {-“.:I
wliteh, in view of gguation (4) can be written as

th = H.B‘, cos G —fj’, (RO, (12)
whers in

G = ai— g (13)
[:".uiﬂ.- = [{u. -1 - sin e} {T:l;llr]-—'l'_lT[ ~1 95, COR g )
+ (W - wi=)ieos (v L —wy 1 hisin o ]I]E']f-t;ilﬁ,'l;

and the derivative <= is obtained, from equation
(8)as Tollows
= [ {ABY (18 1= w1 ¢y cos Wi )
— (AR (0 g~ = I sin gy ) J,-'{;iB]F T8 o, i15)
We tiote thiat althourh in functional notation,
rlgfl = f fuy r:r,-, B 'ri.-l'i, ey -5!';” Uil 1y Wity
1""'II-| 13 'n.’;.’;_|_. I;-_. g;}
it is caleulated sequentially, by stepvise determing-
tion of its constimient terms as peeseribed by equa-
tions (12 - (18) and (16).
Constitutive equations (force-defarmation
characteristics) of the discs

The fateral, axial and rotational deformations
uf the dise are denoted by 1 day &y as shown in
Fig & T, Fy, By deuste the shear, axial force and
moment, respeetively,  The lateral displacement
&1 1% comprised of shear deformation § and a
bending deformation 8.  We also assume plane
suctions remain plane after deformation, and che
thises are shore, uniform heam segimenls.

Thee intervereebral dise hehaves like a viscnalas.
tic solid under axial laad. Tests have shown thal,
when subjected to constant axial strain, an EXPONGR-
tial relaxation of axial steess occurs with Lime straim
Fesponse to a suddenly applied and subsequently
maintaineed axial stress consists of an initial elastic
response (strain) with an asympiotic limit, These
observations suggest that, a threc parameter viscoe-
lastic solid model may be used, arleast for pheno.
menological purposes.  Such a model is eqilvalent
o cither, a spring in series wicth a Kelvin-Voigt
model, or a spring in parallel with a Maxwell made],
cither of which can be put in the form

o+ pro = ot -+ '3114‘!: (LO)
where pry qo, 4y represent the three material para-
maoters, I we chooie 1o mechanieally represent the

4%

system by a spring in serics with a Maxwell made],
then the following relations exist between  these
parawmcters and the mechanical mode] COTSTALLY
Er (parallel clasticity) Ea (series elasticity) and TH
the viscosity coefficient

qu=Fy By [(B + L)
Ez=qy/p

Pi=1] uw(E, +Ea)
1=y [ w(E; +Ep)

wherein, qqn represents the starie stiffiess of the
mwodel and i3 cquivalent ta the two springs L}, and
L, in series, Lz, on the other hand represents the
stress corresponding lo a sudden application of a
unit strain because the dashphot tends Lo ¢ lock-up?
av very high strain rates,

When applying equations {16} to a uniform rod
of cross-sectional areyq A and length 1, the constiry-
tive equation for axial loading, with force deforma
tion as a basis, can he put in the ollow ing form ;

{17}

Vot Fy = Alquds + gy §o) /1 (18}
wherein

o = FolA = axial stress {19)
and

¢ = s /1 = axial strain (20}

A shear behaviour is assumed shailar to the
axial deformation hehaviour, defined by equation
(18}, in the form

Fy +tp Fy = EA.I'IK]-] (T de + T 1‘?;:' i21)
where K iy the shaps factar associated with the
shicar.

The constitutive equations [or bending  are
similarly given hy

F[+p; F] = 121,"13} ftlﬂ au i fTL-..F

FOL) (g0 85 + q; d3) (23)
I'y+ ™ i'\ﬁ = '['ﬁ ]."IIEJ {'iln ab SRR ;Th !
AN (quda+qu gy ) (23

Wherce I represents the area moment of jnertia about
an axiz perpendiculay to the sagital plane, We alsa
have g = t?g + 15'1-. {E-HI
which can be substituted in cquation (22), to solve
for I'; and substiture in comation (21} to abtain

K 121 .
F = I{ Fi+s5|-F ¢ _'lﬁ_(iilll:f?l —di) 4y 1)

il i :
+ 1z (1o da + 4y 1']'3]] } - Ty dy

AN Ay
B pit+ (]-“)Ial o1 125)
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which gives the rate of change of shear delormalion

d: a3 & function of the state variables 8. 3, du dis s
aud other known parameters, From cquation (21)
we now obtain

Fp=[ =Fp e (AKD (rp dy+1y 8,0 115, [26)
where 1, 13 obtained from equation {25).
Similarly, from (18) and (24} we obtain,

Fa=(Lfp) [ ~Fat (A1) (quda+aqy 8] (27)

Fy= (/o) { = Fa+(61/17) [qo (31 - &)
Fi{d = & (AL (qp Ja+aqi da) FO(28)
The constitutive equations (25) to (28) are a system
of frst order equutions, in a manner, readily solva-

Lle by numerical solutions such as Runge-Kulta
procedure,

At prescnr, however, Lhe material hehaviour of
the dises in shear and bending is not defined proper-
ly, and hence the use of the threc perarmeters s, ry,
rL to describe the expected viscoclastic hohavienr
must be considered premature.  Also, the complete
construction of a disc way lead us to speeulate that
Lhe nuclevs pulposus, heeause of its central location
T:‘-"it'}iin the dise, may he providing ils viscous damp-
ing action mainly in the axial mode since in the
bending and shear it is comparatively undisturbed.
Incorporating this conjecture, it is reasonable to
asstime that the dises are viscoelastic in axial com-
pression and, elastic in shear and bending,  Thus,
by putting py=q,=0 and qu=E, equations {25) to
(28} become respectively

Fio= {(Ary/ED) 4, (2
Fa = (121 qpf1%) (& - 8 +(0 Tqe/12) §a (3]
Fo = (0 1anf12) (& - &)+ (4 Toe/1) 3y {31
Fy + pi Fa=(A/D) {qo dz+ g d2) {32)
On combining equations (29) and (30) we get
Py = [{L2qq L/ &y + (G I/

[14+{12q,I/1%) (K1jrea)] (3%

and vn combining equations (29) and (31) we get
Fg = {ﬁ ICMHEJ |—|%'| —Fl I:Klft"sr".':l] -+ {4 I1.]_|_|_.'IIJ 55 faT}
From equation (32) we obtain

A 10
Fo= [-Fus (g g+ da) ] fp {33)

Substitution of (33} in (34) and stmplilication yield,

12 1 g, 6l

Fi= ae-9 dit s (4£-3) & (J6)
61qy ,  #las

Fs=pur_a ¥ tipe-g® (37)
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wherein

3 Fr b Bt W] Kl

& = 1= 131 (lu,h) {38)
Now, the shear force Fr and bending mament Iy,

given by equations (36) and (U7) respectively, are

explicit expressions in lerms of the deformations

41 and dg.  Equation (33) represents the axial be-

haviour, and it can be inlegrated namerically,

Reactions of the dise on Lthe verfebral hodies

T'he [oree components acting on the it dise (the
i subseript has heen emicted, however, for clarity)
shewn in figure 2, constilute the reactions on the
rigid body. DBelore delineating these Fforces, it ia
useful to nate that the comsideralion of the muo-
ment equilibrivm of the dize indicates the moment
acting on the lower (left) end as

B = Fy — Fii (AC) 39
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MNaw, turning to the reaction forces on the vertebral
hady, the transformation ol the shear and the axial
reaction forces to components acting in the X and
Y direction (fig. 3) provides

0

ooz

Fyjcos o + Fopsin gy |
Vipsingy + Focos iy |

{4

where ¢ denotes  the instanlascous orientation of
the vertebeal body, shown in igure 3. Tho foroes
acting on the vartebral bodies are also delineated in
Figure 3 wherein (i) the mass moment ol inertia,
about an axis normal to the sagital plane and
through the centre of mass, is deneted by | and {ii}
the eccentricicy of the centre of mass wilth respuce
to the axis of the vertebral body is e,
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Figg. 3

Equation of motion of the vertebral bady

If % and = denate the coorcinates of the mass
centres, then from ligure 3, we have,
s = i + by sin g, + o5 cos gy (413
(42)

wherein ui, w; and ¢; are the Tagrangian coordinates,

% = wi + L cos ¢ — eisingy

Differentiation of equations (41) and (42} twice
with respect to time gives the aceeleration of the
mass centre (with respect to s, wy and ) as follows ;

% =+ Cy r|lF'i2 ~ iy '.ilF'i (43)
@ o= Wi b Co i +Cs s (hb)
where

Gy o= —(h; sin g + & cod o) (4%
CH.‘ == —U!]; il k3 g:ll':i = gin |:||':|1:I [-’]f_‘l]

The equations of translatory motion of the verte-
brae can be now written as

mix = 0 - @

and

(47)

By - Fia (45)
Substitntion of cquations (43) and (4d) into the
ahove equations give

m; % =

mo= Q- Qulim]—Coi 2 + Cugh (49
and
1:.';-'5 ™= r{F1 &= ;_l:II-"m,-]—Gz-L l,':::ihe G]E I:EJ.; {5'[:'}

Taking moments about the mass centre, we obtain

the equation of rotational motion as

Jigh = (Fauy — By} — Clyi Oy + Ty O
+C P — Ca By

wherein

(31)

44

Cly = Iy cos i o opsin o (32}
and
L = hysin oy — o cos oy (&)

The terms Ok, By, B ete, in equations (49 - (31) are
the force and moment reactions of the dises on the
vertebra, Heorein, o is firat abtained from equa-
Livn (31) and then substituted into eguations {14) and
(U to give 1w and wy respectively,

For the boundary conditions, we tieat the sys-
tem a3 a continuwm,  Then al the terminal end, the
head, we huve foree boundary conditions

H‘- m Pj = Qj = {} {3}4]
where i refers to the head mass inequations (49)
{31). At the base ol the spinal celumn, displace-
ment boundary conditions are imposed,

As shown in Pigure 1, the sacrum supplies an
acceleration pulse, (F(t) al soine angle y Lo the & —
axis, The pelvic angle is hence assumed o be fixed
and the (# and x) componenis of Lhe acceleration
pulse are given by

%z (1) = cos y It}

r'ﬁ‘i (t) = siny (1)

(35)
(56)
This compleces the mathematical description of this
discrete parameter model of the spinal column,

Solution and Resulls

With twenty-live masses in the aystem each
having three deprees of lreedom in the plane,
numerical integration is used o salve the govern-
ing cyuations (35)—(37) and () —(51). In solving
them, the second order equadlons (449)—(51) are
converted to six first order equations,

The resulis reveal that (Orene and Lin?.}

{1y In the pilot gjection problem, a dominanmt
factor is the bondine and shear deformuations, in the
gross response of the body, Ience, any injury
critorion should be Lased oo combined axial, shear
and bending forces.

{2) The peak response of axial force, shear
and bending mement remaing invariant when the
applied acceleration pulse rise time {3 varied bet-
ween o and 14 msec.

{3) The high incidence of vertebral fractures
in the theracic region may be explaioed lrom Lhe
[act that the bending moments and axial compres-
sive forces produce compressive siresseg which are
additive at the anterior portion of the thuracic
vertebrae.
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{(#) The shear and moment response in the lum-
bar region is appreciably increased by the horizontal
component of aceeleration for a polse angle of 107,
Simultaneously, this component reduces the axial
rciponse along the vertebral column,

In order to obtain more uselful information on
spinal injury mechanisms and states it is relevant to
get and incorporate in the model further experi-
mental information en. (i) the variation of rotary
inertia and mass cccentrieity along the spinal
column (towards this end, Liy et al®™% have haen
working) (ii} the wariation of the behaviour of
the wvertebral and disc materials along the sping
when subjected o axial, shear and bending loads,
(iii) the failure mechanism of vertebrae under com-
bined states of loading and (iv) mathematical des-
cription al posiible pilot postures al ejection,

Eventually we would want to characterise and
study the response of the system as a continuum,
The diseretc-parameter models, when incorporated
with more details on geometry  variations and
inhomogenieties wilhin an clement and {rom ele-
ment to element, may approach continuum models,
The current continuum models of spine are rather
simplistic to help predict the locations of and
circumstances under which fractures ocour,

Continuum model for spinal injury

Let us consider a uniform, wviscoelastic, one-
dimensional continuum medel, studied by Terry and
Roberts and delermine its suitability by com-
paring the aceclerations attained at certain pointy
with experimentally applied accelerations at che
cottesponding points of the cadaver spine, ‘LThe
material considered i3 that of a Maxwell type vis-
coelastic medium.

A ramp input acesleration pulse iz applied o
the theoretical rod (simulaing the spinal column)
ar one end to conform Lo the aceeleration inpurc,
‘T'he analysis concerning the determination of the
reaulting accaleration at the for end of the rod
(which corresponds with the head acceleration) con-
gists of using the poverning couation of motion in
the form of a one-dimensional wave in a uniform
rod ; this eguation iy
‘“LT"

THK = (07)
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wherein o and U are longitudinal seress and displace-
menl companents and the subseripts x and t denote
diferentiation with respeet o these variahles,

We know, by definition, that

= T:x {55.:'
The constilutive couation is
g = (L{EYm + s {79

wherein I is the Youug's modulus ol the rod materi-
al and u iz its coefficient of viscosity,

Eliminating ¢ between equations (58) and {59
and then differentiating the resulting expression
with respect to ¢ and rearrangement give

ap = (1/p) 8, {60

a, = (1/E) 8y + u8 (61)
whercin 5 1s the stress rate and a s the instanlancous
acceleration,

Equatian (M) and (61) arc partial di{Ferential
siuarions of the hyperbalic type and are solved by
the method of characteristics using a computer,
The chasen boundary conditions are
alo,l) = AY it =Y, 2 = 0
afo,l) = Ait = Yox = O
S-‘LL,E] = B =T
wherein A is the plateau acceleration of a ramp
input, ¥ = the rise time for ramp input and L is the
length of the viscoelastic rod,

(62)

To obtain the optimal mode], the values for E
and {I/u)are obtained by matching the analytically
obtained acceleratlion time curves with the corres-
ponding experimental curves for diferent onset rate
and acceleration leve] characteristics. Wlercus the
optimal value of E iz 2.5 x 10% lb{fL?, the value of
@ (in [i1b-sec) 18 given by exp (- 4.6 +0,00827)
{nniet rate),

Ohseryations

The fallowing observations are made from the

mudel results. (i) For low input acceleration levels
upto say +.9 o, the values of the theoretical accelera-
tion-time curves corresponded with the experimental
reaulta,
{ii) the error (difercnce between the theorctical
and experimental curves) increases with the increase
in the acecleration level, (iii) the evaluated responge
frequency of the theorctical model is a constant,
whereas a siwilar observation canoot be made in
regard to the experimental curves,
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Some impravements on this model, as suggested
by Terry and Roberes® entail modification of the
theory to employ a viscous element in which the
viscosity i a Punction of the strain rate, ‘This
would permit the cxperimentally obtained strain rate
propertics of the bhone (o be incorporated in the
model and provide a nonlinear response model of
the spine, Of course, any changes in the hasic
theory would alse, affect the method of solution and
as the sophistication of the theary inereases, so do
the complications in the solution. The best practi-
cally utilitarian model would, however, be the ane
which combines maximum accuracy with maximum
simplicity.
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